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One-sentence summary:
Hydrodynamic flow of phonons, previously detected only in a handful of solids, is observed in
black phosphorus.
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The travel of heat in insulators is commonly pictured as a flow of phonons
scattered along their individual trajectory. In rare circumstances, momentum-
conserving collision events dominate, and thermal transport becomes hydro-
dynamic. One of these cases, dubbed the Poiseuille flow of phonons, can occur
in a temperature window just below the peak temperature of thermal conduc-
tivity. We report on a study of heat flow in bulk black phosphorus between
0.1 and 80 K. We find a thermal conductivity showing a faster than cubic tem-
perature dependence between 5 and 12 K. Consequently, the effective phonon
mean free path shows a nonmonotonic temperature dependence at the onset
of the ballistic regime, with a size-dependent Knudsen minimum. These are
hallmarks of Poiseuille flow previously observed in a handful of solids. Com-
paring the phonon dispersion in black phosphorus and silicon, we showthat the
phase space for normal scattering events in black phosphorus is much larger.
Our results imply that the most important requirement for the emergence of
Poiseuille flowis the facility ofmomentum exchange between acoustic phonon
branches. Proximity to a structural transition can be beneficial for the emer-
gence of this behavior in clean systems, even when they do not exceed silicon
in purity.
INTRODUCTION
The finite thermal resistivity of an insulating solid is a manifestation of the anharmonicity of the
underlying lattice. The most common approach to calculate the thermal conductivity of a given
solid is to assume the harmonic approximation and introduce a finite lifetime for phonons that
captures the effects beyond the harmonic approximation. In the Boltzmann-Peierls picture, heat-
carrying phonons are scattered by other phonons or by crystal imperfections and boundaries.
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The magnitude of thermal resistivity is set by the rate of collisions relaxing the momentum of
the traveling phonon. Only a subset of phonon-phonon scattering events, called Umklapp (or
U) process degrade the heat current. The initial and final momenta in a U process differ by
a multiple of a reciprocal lattice vector. On the other hand, a normal (or N) phonon-phonon
collision cannot lead to thermal resistance in absence of Umklapp scattering. In an infinite
sample, if all collisions were normal, the flow of phonons is expected to be undamped in the
absence of any external field applied to sustain it (1).
Black phosphorus (BP) has attracted much recent attention as a cleavable solid with a
promising exfoliating potential towards two-dimensional phosphorene (2, 3). It has an or-
thorhombic crystal structure with puckered honeycomb layers in the ac planes and van der
Waals coupling between the layers (Fig. 1A and 1B). Unlike graphene, it has a tunable di-
rect band gap ranging from 0.3 eV in bulk to 2 eV in monolayer (4). These features make
BP a promising material for applications. In addition, the presence of a significant in-plane
anisotropy may induce spatially-anisotropic transport (5) absent in other graphene-like mate-
rials. Although electronic conduction in BP has been extensively investigated (2, 6, 8, 9), few
studies have been devoted to its thermal transport (10–15). They are restricted to relatively high
temperatures and did not explore the low–temperature range, the focus of the present study.
Here, we report on a study of thermal conductivity along the a and c axes of BP single crys-
tals and establish the magnitude and temperature dependence of the thermal conductivity down
to 0.1 K. We find a moderately anisotropic thermal conductivity mainly reflecting the anisotropy
of the sound velocity. Unexpectedly, we find that below its peak temperature, the thermal con-
ductivity evolves faster than the ballistic T 3. This feature, combined with size-dependence of
the Knudsen minimum in the effective phonon mean-free-path, provides compelling evidence
for Poiseuille phonon flow, a feature previously restricted to a handful of solids (16). We argue
that this arises because of the peculiar phonon dispersions enhancing the phase space for normal
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scattering events in BP. This observation has important consequences for the ongoing research
in finding the signatures of hydrodynamic phonon flow in crystals.
RESULTS
Our samples are insulators, as seen in Figure 1C, which displays the temperature dependence of
the electrical resistivity ρ along the a and c axes. For both directions, ρ shows a peak around 250
K, reflecting the change in the number of thermally-excited carriers across more than one gap.
The magnitude of the resistivity, its temperature dependence, and its anisotropy are in agreement
with an early study (6). Below 50 K, ρ displays an activated behavior, as seen in the upper
inset of Fig. 1C. The activation energy of hole-like carriers is set by the distance in the energy
between the top of the valence band and the acceptor levels (6). Using Arrhenius equation
ρ = exp(Eg/2kBT ) between 40 K and 20 K, one finds an activation energy of Eg ∼ 15 meV, in
agreement with the previous result (6). Below 20 K, the temperature dependence of ρ becomes
appreciably weaker, indicating that the system enters the variable range hopping (VRH) regime
where the electrical transport is governed by the carriers trapped in local defects hopping from
one trap to another. One can describe the resistivity by the expression ρ ∝ exp[(T/T0)−1/(d+1)]
in a system with dimension d. As seen in Figs. 1D to 1F, it is hard to distinguish the hopping
space dimensionality from our results. The resistivity anisotropy ratio, ρa/ρc (lower inset of
Fig. 1C), shows little temperature dependence in the activated regime. The ratio, almost constant
(∼ 3.5) in the activated regime and reflecting the intrinsic anisotropy in the carrier mobility (6),
sharply increases in the VRH regime and attains ∼ 10.
Because of the extremely low electrical conductivity, heat is almost entirely transported by
phonons, and we are going to focus on them. Figure 2A shows the temperature dependence of
the thermal conductivity, κ, along the a and c axes in a BP single crystal. Thermal conductivity
of bulk BP was recently measured by four different groups (12–15). Sun et al. (13) found a large
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and anisotropic thermal conductivity, much larger than what was found in an early polycrystal
study by Slack (10) and a single crystal study by another groups (12, 15). As one can see in
the figure, our data for the samples of ∼ 100 µm thickness (solid circles) is in good agreement
with the data reported by Sun et al. (13), including the anisotropy essentially due to the sound
velocity (see the Supplementary Materials for details). Both sets of data point to an intrinsic
bulk conductivity much larger than what was found in a polycrystal (10). The large thickness
dependence of the thermal conductivity in BP found by our study (see below), in agreement
with what was recently reported by Smith et al. (14), provides a clue to the striking discrepancy
between the single-crystal and polycrystal data. If, even at temperatures exceeding 100 K, the
phonon thermal conductivity is affected by sample dimensions, then the attenuation of thermal
conductivity in the presence of grain boundaries is not surprising.
In absence of anisotropy, the lattice thermal conductivity can be represented by the following
simple expression:
κ =
1
3
C〈v〉lph, (1)
where C is the phonon specific heat, 〈v〉 is the mean phonon velocity, and lph is the phonon
mean-free-path. Note that the 1/3 prefactor, a consequence of averaging over the whole solid
angle in isotropic medium, can be different in presence of anisotropy. At temperatures exceed-
ing the Debye temperature, where the Dulong-Petit law applies, the specific heat saturates to a
constant value. In this regime, the temperature dependence of the thermal conductivity is gov-
erned by the temperature dependence of the phonon mean-free-path, which becomes shorter
with increasing temperature. At the other extreme, i.e. at low temperature, the mean-free-path
saturates to its maximum magnitude, of the order of the sample dimensions, and the tempera-
ture dependence of thermal conductivity is set by the T 3 behavior of the phonon specific heat.
Between these two extreme regimes, dubbed the kinetic (at high temperature) and the ballistic
(at low temperature), the thermal conductivity passes through a peak. As demonstrated by ex-
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tensive studies on LiF (17), introducing isotopic impurities damps κmax, the peak value of the
thermal conductivity. On the other hand, decreasing the size of the sample shifts the position of
κmax with little effect on the magnitude of thermal conductivity in temperatures exceeding the
peak.
Our key finding is the observation of a κ evolving faster than T 3 just below the peak temper-
ature in BP. This can be seen in Fig. 2B. As a consequence, κ divided by T 3 shows a maximum
or a shoulder around 10 K (see the inset of Fig. 2A). On further cooling, the heat transport even-
tually becomes ballistic as evidenced by the T 3 behavior of κ (saturation of κ/T 3) observed in
the low-temperature data of the thickest sample (open circles in Fig. 2A). As a consequence, the
effective phonon mean-free-path, lph, extracted from Eq. (1), presents a local maximum (around
10 K) and a local minimum (around 4 K) (solid circles in Fig. 3C and 3D). Here, lph was cal-
culated using 〈va〉 = 0.536 × 104 m/s, 〈vc〉 = 0.354 × 104 m/s (these are calculated velocities
in agreement with previous calcalculations (13) and neutron scattering measurements (14)) and
the measured specific heat of the crystal (see the Supplementary Materials for details). In mil-
likelvin temperatures, lph becomes comparable to the sample thickness (see the inset of Fig. 3C).
Decades ago, the phonon Poiseuille flow (16) was detected in Bi (20) by observing these two
features, namely a faster than T 3 evolution of κ (Fig. 2C) and a peak in the temperature depen-
dence of lph just below the maximum thermal conductivity (Fig. 3E). Similar features have also
been found in crystalline 4He (21), 3He (22), and H (23).
In order to exclude any experimental artifact, we measured the thermal conductivity of P-
doped Si using the same experimental setup. As seen from Fig. 2A, the temperature dependence
of κ for P-doped Si conforms to what was found previously (24). κ displays a cubic temperature
dependence between 2 K and 5 K. (Fig. 2D). To show this point more explicitly, lph calculated
from Eq. (1) is plotted as a function of temperature in the inset of Fig. 3D. The physical param-
eters used in the calculation are θD = 674 K and 〈v〉 = 6700 m/s (25). As expected, lph does not
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show a local maximum, and at low temperature, its magnitude is in reasonable agreement with
the sample dimensions (0.3 × 1.4 × 4.0 mm3).
Only Umklapp and impurity scattering events degrade the momentum of the traveling phonons.
Normal scattering events conserve crystal momentum and do not contribute to the thermal re-
sistance. When normal scattering is sufficiently strong and the momentum-degrading scattering
events are significantly rare, normal scattering can even enhance the heat flow (1, 16). The
essential condition for this is given by the inequality:
lN  d lR. (2)
Here d is a characteristic sample dimension, and lN and lR are normal and resistive mean-
free-paths, respectively. In such a situation, phonons lose their momentum only by diffuse
boundary scattering, and they flow freely while continuously exchanging momentum in the
center of substances, analogous to the Poiseuille flow in fluids (Fig. 2E). As a result, moving
like a Brownian particle, a phonon traverses the path length of the order of lph ∼ d2/lN between
successive collisions with the boundaries, and in the ideal case lph can reach a value larger than
the characteristic sample dimension d. If lN increases with decreasing temperature as T−5, then
since κ ∼ C〈v〉d2/lN , thermal conductivity is expected to follow as T 8 (1). Experimentally, in
all systems in which Poiseuille flow has been reported (namely Bi, solid He, and H), what has
been observed is a faster than T 3 thermal evolution of κ and a non-monotonic lph(T ) (20–23),
not a superlinear size dependence. This is also the case in the present study on BP.
In the narrow temperature window of the Poiseuille flow, the dominance of Normal scat-
tering creates an unusual situation where warming the system enhances the mean-free-path,
because it enforces momentum exchange among phonons. In other words, the temperature de-
pendence of thermal conductivity is set by the temperature dependence of the phonon viscosity
and not exclusively by the change in the population of thermally-excited phonons or the fre-
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quency of momentum-relaxing events, as it is the case in the ballistic and diffusive regimes. At
sufficiently low temperatures, the phonons turn to behave just like a Knudsen flow of gas (26).
At this transition from the Poiseuille flow to the Knudsen flow, lph is accompanied by a mean-
free-path minimum, dubbed Knudsen minimum, which occurs when d/lN ∼ 1. This is where
the diffuse boundary scattering rate is effectively increased due to normal scattering (Fig. 4A).
By changing the thickness of the samples along the b axis, we also examined a size-dependence
of the thermal conductivity and confirmed that the effect is more prominent in larger samples
(Fig. 3A and 3B). As expected, in thicker BP samples, the maximum lph is longer. Moreover, as
seen in the case of Bi (Fig. 3E) (20), both the local maximum and the local minimum in lph(T )
persist (Fig. 3C and 3D). Note also that, despite the anisotropic thermal conductivity, lph attains
values comparable to the sample dimensions at low temperatures irrespective of the orientation
of the heat current, meaning that lph is quasi-isotropic along the three principle axes and set by
the average sample size. This is derived from the low anisotropy in the sound velocity between
the ac-plane and out-of-plane orientations in spite of the layered structure of BP (see Fig. S4
and Table S2 in supplementary materials). Remarkably, the peak thermal conductivity in larger
BP crystals attains a magnitude as large as 800 W/Km, much higher than the values found in
thinner samples (14) (Fig. 3A and 3B), but still smaller than the maximum thermal conductivity
of large (∼ cm) crystals of Si (3000 W/Km) (24) or Bi (4000 W/Km) (20).
In the original Gurzhi picture (1), the quadratic dependence of lph on the sample dimension,
d, would lead to a superlinear size-dependence of the thermal conductivity in the Poiseuille
regime. As one can see in Fig. 5B, this is absent in BP, as it was the case of Bi (20). Now the
Poiseuille flow of phonons is expected to emerge concomitantly with the second sound, a wave-
like propagation of entropy (16, 27). Both require a peculiar hierarchy of scattering events (16,
28), where normal scattering rate is much larger than boundary scattering and the latter much
larger than resistive (Umklapp and impurity) scattering. Its experimental observation in Bi in
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the same temperature range (29) confirms the interpretation of static thermal conductivity data.
The absence of superlinear size dependence can be traced back to the expression for phonon
kinematic viscosity, proposed by Gurzhi; ν = vT lN (1), which implies that the phonon fluid is
non-Newtonian. Here, vT is the phonon thermal velocity whose magnitude is comparable to the
velocity of the second sound, so that vT ∼ 〈v〉/
√
3 = 2000-3000 m/s and lN is estimated to be
of the order of 10 µm at the Knudsen minimum. This yields ν ∼ 0.02-0.03 m2/s, several orders
of magnitude larger than the kinematic viscosity of water. This comparison is to be contrasted
with the case of electrons in PdCoO2 (30) whose dynamic viscosity was found to be comparable
to the dynamic viscosity of water. Since the phonon viscosity depends on the normal scattering
rate and local velocity, it is not a constant number at a given temperature. The velocity profile of
such a non- Newtonian fluid is much flatter than parabolic (31). This makes the size dependence
much less trivial than in the parabolic and Newtonian case. A recent theoretical study (32) has
shown that the thickness dependence can be either sublinear or a superlinear according to the
relative weight of boundary and normal scattering rates.
There is however another signature of the Poiseuille flow in the thickness dependence, which
has been detected by our experiment. In the Poiseuille regime, boundary scattering is rare.
Therefore, with increasing thickness, phonons can travel a longer distance between successive
collisions with the boundaries, giving rise to an enhancement of the thermal conductivity and
the maximum in lph with the thickness. On the other hand, at the onset of the ballistic regime,
the fraction of phonons which contribute to the diffuse boundary scattering due to numerous
normal scattering increases with the thickness. As a consequence, the Knudsen minimum shifts
to lower temperatures in the thicker samples (Fig. 4A). One can see both these features in a
plot of lph normalized by its minimum value lminph , clearly along the c axis (Fig. 4C), but not
clearly along the a axis (Fig. 4B) as it was the case of Bi (20) (Fig. 4D). We conclude that
the Poiseuille flow is most prominent along the c axis. This suggests that the relative weights
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of Normal and Resistive scattering rates depend on orientation and one needs to go beyond a
Boltzmann picture with a scalar scattering time (33).
The Ziman regime is another hydrodynamic regime (16). Here normal scattering still domi-
nates, but resistive scattering becomes larger than boundary scattering. In this regime, expected
to occur just above the peak temperature, one expects κ to decrease exponentially with increas-
ing temperature before displaying a T−1 temperature dependence at higher temperatures. Our
measurements do not detect a regime where the thermal conductivity follows an exponential
behavior in BP. Instead, all samples displayed a robust T−1 behavior in a wide temperature
window extending down to 40 K, an order of magnitude lower than the Debye temperature
(Fig. 5A). Moreover, the slope of the T−1 temperature dependence was larger in the thicker
samples (See the inset of Fig. 5A).
Changing the thickness from 6(15) to 20(30) microns of the a(c) -axis sample is to multiply
the number of parallel heat-conducting phosphorene layers by a factor of three(two). Surpris-
ingly, while no change in phonon dispersion is expected to occur in such a context, the enhance-
ment in thermal conductivity persists up to 80 K, the highest temperature of our range of study
(Fig. 5B). Such a large thickness dependence (first reported in sub-micronic samples by Smith
et al. (14)) is unusual, as shown by a comparison with the much more modest effect observed
in Ge (34). In Bi, a comparable enhancement is seen in its Poiseuille regime (Fig. 5B), but it
rapidly dies away with heating. A plausible explanation is that in BP some heat carriers remain
ballistic at high temperature. Interestingly, previous theoretical treatments of the thermal con-
ductivity in graphene and graphite have argued for the presence of normal processes up to room
temperature leading to collective phononic modes with a mean-free-path of the order of hun-
dreds of micrometers (28,35,36). Our observation may also indicate the presence of substantial
normal processes above the peak temperature of thermal conductivity in BP.
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DISCUSSION
Our theoretical calculations confirm that phonon-phonon scattering in BP is large at low ener-
gies. The phonon dispersions of BP and Si are shown in Fig. 6, which agree well with previous
calculations (37, 38). The phonon dispersions of Si show highly dispersive acoustic branches
that lead to high thermal conductivity. The acoustic branches of BP are less dispersive due to a
relatively weaker bonding than the one in Si, which has strong sp3 bonds. This leads to a higher
phonon density of states (PDOS) in the low-frequency region, which allows for a larger phase
space for the momentum-conserving normal three-phonon scattering events in BP.
The calculated PDOS of BP and Si are shown in Fig. 6G and 6H. The PDOS of BP is
significantly larger than that of Si in the low-frequency region below 100 cm−1 as a consequence
of the smaller dispersion of the acoustic branches. The phonon scattering processes involving
the linearly dispersive acoustic modes conserve momentum and are not resistive to heat flow.
The large low-frequency PDOS in BP provides much more phase space for these non-dissipative
scattering events. This can favor the emergence of Poiseuille flow by establishing the required
hierarchy of time scales as discussed above.
In summary, by detecting that phonons present a faster than T 3 thermal conductivity in a
finite temperature window, we have identified a hallmark of Poiseuille flow of phonons in BP,
which was previously seen only in four other solids (39). Theoretical calculations indicate that
the peculiarities of phonon dispersion leads to a significant enhancement of the phonon-phonon
normal scattering in BP compared to an archetypal insulator such as Si. We note that BP is close
to a structural instability. Like Bi and other column V elements, its crystal structure results of
a slight distortion of the cubic structure (40,41) Our results indicate that hydrodynamic phonon
flow can be observed in a system close to a structural instability (39).
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MATERIALS AND METHODS
Single crystals of BP were synthesized under high pressure (1). Magneto-phonon resonance,
which requires reasonable purity, was observed in a sample from the batch used in the present
experiments (2). A single crystal of P-doped Si was provided by Institute of Electronic Materi-
als Technology (Warsaw). The electrical resistivity and the thermal conductivity measurements
were performed along the a and c axes of BP. Each sample has a rectangular shape with edges
parallel to the three high-symmetry axes; the a, b, and c axes. Length of the samples are summa-
rized in Table S1. The a(c) axis sample has the largest length along the a(c) axis, respectively.
The thickness dependence of the thermal conductivity was investigated by using the same sam-
ple. The thickness (number of layers) along the b axis was decreased during the course of the
investigations by cleaving.
The thermal conductivity was measured by using a home built system. We employed a
standard one-heater-two-thermometers steady-state method. A very similar setup was used to
measure the thermal conductivity of cuprate (43) and heavy-Fermion samples of a comparable
size (44,45). The measurements were performed in the temperature range between 0.1 K and 80
K. The thermometers, the heater, and the cold finger were connected to the sample by gold wires
of 25 µm diameter. The gold wires were attached on the BP sample by Dupont 4922N silver
paste and were soldered by indium on the P-doped Si sample. The contact resistances were
less than 10 Ω at room temperature. The temperature difference generated in the sample by
the heater was determined by measuring the local temperature with two thermometers (Cernox
resistors in the 4He cryostat and RuO2 resistors in the dilution refrigerator). The heat loss along
manganin wires connected to the two thermometers and the heater are many orders of magnitude
lower than the thermal current along the sample including the thinner ones (Fig. S1). The heat
loss by radiation is negligible in the temperature range of our study (T < 80 K), since it follows
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a T 4 behavior. The heat loss by residual gas is also negligible because the measurements were
carried out in an evacuated chamber with a vacuum level better than 10−4 Pa. Moreover, the
external surface of the chamber is directly in the helium bath at 4.2 K for the measurement above
2 K, so that residual gas is condensed on the cold wall. The experimental uncertainty in the
thermal conductivity arising from the measurements of the thermometer resistances is less than
1 % in the whole temperature range. The main source of uncertainty results from uncertainty in
the measured thickness of the samples, which is about 5 % in the thinnest sample. The increase
of thermal conductivity with the sample thickness, however, dominates over the experimental
uncertainty.
The same contacts and wires were used for the electrical resistivity measurements by a four-
point technique. A DC electric current was applied along the sample using the manganin wire
attached on the heater. The Keithley 2182A nanovoltmeter was employed for the measurement
of electrical voltage. The input impedance of the nanovoltmeter is larger than 10 GΩ, which is
well above the resistance of the sample even at the lowest temperatures (R ∼ 5 MΩ).
SUPPLEMENTARY MATERIALS
Supplementary material for this article is available at http://advances.sciencemag.org/cgi/ con-
tent/full/4/6/eaat3374/DC1
Supplementary Text
fig. S1. Thermal resistance of black phosphorus samples and manganin.
fig. S2. Reproducibility of thermal conductivity data.
fig. S3. Specific heat.
fig. S4. Phonon dispersions at low energies.
table S1. Size of samples.
table S2. Phonon velocity along the high-symmetry axes.
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Fig. 1. Crystal structure and resistivity. (A) Side view of the crystal structure of BP. (B)
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Materials and Methods
Samples
Single crystals of black phosphorus (BP) were synthesized under high pressure (1). Magneto-
phonon resonance which requires reasonable purity was observed in a sample from the batch
used in the present experiments (2). A single crystal of P-doped Si was provided by Institute of
Electronic Materials Technology (Warsaw). The electrical resistivity and the thermal conductiv-
ity measurements were performed along the a and c axes of BP. Each sample has a rectangular
shape with edges parallel to the three high-symmetry axes; the a, b, and c axes. Length of the
samples are summarized in Table S1. The a(c) axis sample has the largest length along the
a(c) axis, respectively. The thickness dependence of the thermal conductivity was investigated
by using the same sample. The thickness (number of layers) along the b axis was decreased
during the course of the investigations by cleaving. In Table S1, number after the hyphen of the
sample label represents a sequence of the experiments from the thickest to the thinnest sample.
The resistivity data for the sample a1-1 and c1-1 are displayed in Fig. 1 of the main text. The
thermal conductivity data for the sample a0, a1-1, and c1-1 are displayed in Fig. 2 of the main
text. The thermal conductivity of the sample a1-1, a1-2, and a1-3 and those of c1-1, c1-2, and
c1-3 are shown in Figs. 3-5.
Table S1. Sample dimensions. Length (in µm) of the samples along the three high-symmetry
axes.
Sample label a0 a1-1 a1-2 a1-3 a2-1 a2-2 c1-1 c1-2 c1-3
Along a-axis 3300 2400 2400 2400 2700 2700 200 200 200
Along c-axis 900 320 320 320 160 160 2200 2200 2200
Along b-axis 460 100 20 6 120 8 140 30 15
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Heat and electrical transport measurements
The thermal conductivity was measured by using a home build system. We employed a standard
one-heater-two-thermometers steady-state method. The measurements were performed in the
temperature range between 0.1 K and 80 K. The thermometers, the heater and the cold finger
were connected to the sample by gold wires of 25 µm diameter. The gold wires were attached
on the BP sample by Dupont 4922N silver paste and were soldered by indium on the P-doped
Si sample. The contact resistances were less than 10 Ω at room temperature. The temperature
difference generated in the sample by the heater was determined by measuring the local tem-
perature with two thermometers (Cernox resistors in the 4He cryostat and RuO2 resistors in the
dilution refrigerator). The heat loss along manganin wires connected to the two thermometers
and the heater are many orders of magnitude lower than the thermal current along the sample
including the thinner ones (Fig. S1) (3–5). The heat loss by radiation is negligible in the tem-
perature range of our study (T < 80 K), since it follows a T 4 behavior. The heat loss by residual
gas is also negligible because the measurements were carried out in an evacuated chamber with
a vacuum level better than 10−4 Pa. Moreover, the external surface of the chamber is directly in
the helium bath at 4.2 K, so that residual gas is condensed on the cold wall. The experimental
uncertainty in the thermal conductivity arising from the measurements of the thermometer resis-
tances is less than 1 % in the whole temperature range. The main source of uncertainty results
from uncertainty in the measured thickness of the samples, which is about 5 % in the thinnest
sample. The increase of thermal conductivity with the sample thickness, however, dominates
over the experimental uncertainty.
The same contacts and wires were used for the electrical resistivity measurements by a four-
point technique. A DC electric current was applied along the sample using the manganin wire
attached on the heater. The Keithley 2182A nanovoltmeter was employed for the measurement
of electrical voltage. The input impedance of the nanovoltmeter is larger than 10 GΩ, which is
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well above the resistance of the sample even at the lowest temperatures (R ∼ 5 MΩ).
Computational
The phonon dispersions were calculated using density functional perturbation theory (6) as
implemented in the QUANTUM ESPRESSO package (7). We used the generalized gradient ap-
proximation (8) and the pseudopotentials generated by Garrity et al. (9). For BP, additional van
der Waals correction using Grimme’s semiempirical recipe was applied (10, 11). Planewave
cutoffs of 50 and 250 Ry were used for the basis-set and charge density expansions, respec-
tively. A 12 × 12 × 12 grid was used for the Brillouin zone integration in the self-consistent
density functional theory calculations. A Marzari-Vanderbilt smearing of 0.02 Ry was used in
the calculations for BP. The dynamical matrices were calculated on an 8 × 8 × 8 grid, and the
phonon dispersions and density of states were obtained by Fourier interpolation.
Supplementary Text
Reproducibility of thermal conductivity
To check the reproducibility of the thermal conductivity and its thickness dependence, we redid
the thermal conductivity measurements along the a axis using the sample a2. Figure S2 shows
temperature dependence of the thermal conductivity κa for the sample a1-1, a1-2, and a1-3
together with those for the sample a2-1 and a2-2. The figure clearly indicates that for the sample
with the comparable thickness, the magnitude and the temperature variation of the thermal
conductivity are well reproduced. This eliminates artificial origin of the thickness dependence
such as difference in impurity concentrations and crystal imperfections between the individual
samples.
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Specific heat
Specific heat C of BP was measured between 2 K and 100 K using a relaxation method of
the heat capacity option in a Quantum Design, PPMS instrument. A single-crystalline BP was
used for the measurement. Our specific heat data agree well with the previous report (12)
as shown in Fig. S3A. Below 5 K, the specific heat follows a T 3 behavior and is fitted to
an expression C = βT 3 with β = 6.7 × 10−5 J/molK4, as expected from the Debye model
(Fig. S3B). The Debye temperature ΘD estimated from β is ΘD = 306 K, which is consistent
with those obtained from the theoretical calculation (13). The calculated specific heat based on
the phonon dispersions from the first principles (Fig. 6A) reasonably reproduces not only the
T 3 dependence but also matches the magnitude of the measured specific heat within a margin
of 25 percent as shown in the inset of Fig. S3B.
Phonon velocity
The phonon velocity v of BP in each acoustic mode along the c, a, and b axes determined from
the initial slope of phonon dispersion near the Γ point is listed in Table S2. LA and LA represent
longitudinal and transverse modes, respectively. Our calculated values are comparable to those
obtained from the inelastic neutron scattering experiments (14) and the previous theoretical
calculation (13). We note that BP has small anisotropy of the phonon velocity between in-
plane direction (ac plane) and out-of-plane direction (b axis) in spite of its layered structure (see
Fig. S4). The specific heat data shown in Fig. S3A and the mean phonon velocity along the a
and c axes, 〈va〉 = 0.536×104 m/s and 〈vc〉 = 0.354×104 m/s, are used to evaluate the effective
phonon mean-free-path lph shown in Fig. 3 and Fig. 4 in the main text.
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Table S2. Phonon velocity of black phosphors. Phonon velocity (in 104 m/s) along different
orientations obtained in the present study is compared with those from the neutron scattering
studies (14) and the previous theoretical calculation (13). Notice the consistency and the low
anisotropy.
This work Exp. Calc.
Fujii etal. (14) Kaneta etal. (13)
LAc 0.454 0.46 0.436
vc TAa 0.490 0.46 0.419
TAb 0.119 - 0.109
Average 0.354 - 0.321
LAa 0.833 0.96 0.954
va TAc 0.488 - 0.419
TAb 0.287 - 0.254
Average 0.536 - 0.542
LAb 0.505 0.510 0.442
vb TAc 0.160 0.170 0.109
TAa 0.289 0.310 0.254
Average 0.318 0.330 0.268
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Fig. S1. Thermal resistance. Thermal resistance W of the BP samples and the manganin
wires connected to the thermometers and heaters (3–5).
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Fig. S2. Reproducibility of thermal conductivity. Temperature dependence of the thermal
conductivity κa along the a axis for the sample a1-1, a1-2, and a1-3 denoted by red symbols,
together with those for a2-1 and a2-2 denoted by black symbols.
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Fig. S3. Specific heat. (A) Specific heat C of BP as a function of temperature. The specific
heat data adapted from Ref. (12) is also shown (open circles). (B) Experimental (main panel)
and theoretical (inset) specific heat as a function of T 3. The theoretical slope is 0.8 times the
experimental one.
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Fig. S4. Phonon dispersions. The phonon dispersions of BP zoomed to 15 cm−1 are shown
along the high-symmetry directions, Γ-X (a axis) (A), Γ-Z (c axis) (B), and Γ-Y (b axis) (C).
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